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1. Introduction 
The Hahn-Mazurkiewicz theorem (see [ 5,9]) which characterizes the Hausdorff 
continuous images of the interval [0, l] as the class of locally connected metric 
continua, and the Alexandroff-Hausdorff theorem (see [l, 61) which characterizes 
the Hausdorff continuous images of the Cantor set as the class of compact metric 
spaces are two well-known results which have not had their analogues in the class 
of compact Hausdorff spaces. 
The problem of characterization of the class of continuous images of (Hausdorff) 
arcs was posed by MardeSiC and PapiC [8], who proved that no nonmetric product 
of two nondegenerate continua is a member of this class. The related problem was 
stated by Treybig and Ward [ll], who put the question how to characterize those 
metric continua which are continuous images of the interval [0, l] under an irreduc- 
ible map. 
The aim of the present paper is to give a new approach to the mentioned problems 
and to propose a certain kind of solution. 
We start with a characterization of the class of Hausdorff continuous images of 
compact ordered spaces (Theorem 1) in terms of specially embedded dense suborder- 
able subspaces. Using the results and technique due to Van Dalen and Wattel [2], 
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we express our Theorem 1 in purely topological terms, specifically by means of 
special subbases (Theorem 2). Our Theorem 3 gives a characterization of the class 
of irreducible Hausdorff images of arcs. The Kelley’s method of improving a map 
from an arc (see Whyburn [ 121) together with Theorem 2 enables us to express the 
existence of a map from some arc onto a given space in internal terms of this space. 
Such an expression is given in Theorem 4. 
For the historical survey and all details around the mentioned problems we refer 
the reader to the paper [ll] by Treybig and Ward. 
2. Images of ordered compacta 
By a (compact) [connected] ordered space we mean a linearly ordered set which 
is a (compact) [connected] topological space when equipped with the usual open- 
interval topology. A compact connected ordered space will be called an arc. Let us 
note that in view of Moore’s Theorem (see Whyburn [12]) a Hausdorff continuum 
can be equipped with a linear ordering so that it would be an arc if and only if it 
has exactly two nonseparating points. Moreover, there are exactly two orderings 
which appoint the topology of the arc. 
By a GO-space we mean a subspace of an ordered space. Let us note that the 
topology of a GO-space is induced by a family consisting of convex sets and 
containing all open intervals. 
A map f: X @% Y will be called irreducible if it is continuous and f( F) # Y for 
each closed set F c X, F # X. 
Let K be an ordered space and F a subset of K. An ordered pair (a, b) of points 
of F will be called a jump of F if a < b and [a, b] n F = {a, b}; the points a, b will 
be called (the left and the right, respectively) ends of a jump of F. 
A subset D of a compact ordered space K = [a, b] will be called left (right) 
saturated if D is dense in K and contains the point b (the point a) and all left 
(right) ends of jumps of K. 
Let f be a continuous map from a compact ordered space K onto a space X. We 
will say that f does not shrink jumps if f(a) #‘f(b) for each jump (a, b) of K. The 
map f will be called reduced if it is irreducible and does not shrink jumps. 
Let 7C be the family of those jumps (a, b) of K for which f(a) =f(b). Let K’ be 
the space which is obtained from K by shrinking each element of .7t to a point. Let 
q: K + K’ be the (natural) quotient map. Define f: K +X by assuming f(p) = 
f(inf q-‘(p)) for p E K’. The pair (f, K’) will be called the reduction of (f; K). 
The following lemma is due to Treybig [lo]. 
Lemma 1. Let f be a continuous map from a compact ordered space K onto a space 
X. Let (f’, K’) be the reduction of (f, K). Then 
(a) K’ is a compact ordered space, 
(b) f is a continuous map from K’ onto X, which does not shrink jumps, and 
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(c) if f is irreducible, then f’ is as well; thus f’ is a reduced map from K’ onto X. 
Lemma 2. Let f be a reduced map from a compact ordered space K onto a Hausdorf 
space X. Let G be the set of all points p of K for which f ‘f ( p) = {p}. If U is an open 
subset of K such that int( G n U) = 0, then there exist points a, b E U - G such that 
a < b, f(a) =f(b) andf’f([a, b])c U. 
Proof. Put F=f’(f(cl U) n f(K - U)). The map f is irreducible, and so the set F 
is nowhere dense. Thus, U - F # 0. Let W c U-F be a nonempty open interval. 
Put H=f’(f(cl W)nf(K- W)).Theset H isnowheredenseandso W-Hf0. 
Since int( W n G) = 0, there is a point x E ( W-(H u G)). Notice that f’f(x) c 
f’f( W - H) = W. Since x E G, there exist points a, b Ef’f(x) such that a < b. The 
set W is convex, and so [a, b] c W. Hence, f’f([ a, b]) cf’f( W) cf’f( U - F) c 
U. 0 
Lemma 3. Let f be a reduced map from a compact ordered space K onto a Hausdorf 
space X. Let G be the set of all points p E K for which f ‘f (p) = {p}. Then the set G 
is dense in K; moreover, if U is nonempty open subset of K such that int( U n G) = 0, 
then there is a point p E U n G which is not an end of a jump of K. 
Proof. Let U be a nonempty open subset of K. Assume that int( U n G) =0. By 
Lemma 2, there exist points a,, b, E U - G such that a, < b,,, f( a,) = f( b,) and 
f 'f ([ a,, b,]) = U. Since f does not shrink jumps, (a,, b,) # 0. 
Similarly, using Lemma 2 we can inductively construct intervals [as, b,] satisfying 
the following conditions: 
(1) a,<& andf(aC)=f(be), 
(2) f’f([ae+l, b5+11)= (at, &I, and 
(3) [a,, h,l = fl {[aC, b,l: 5~ ~1 for limit 7. 
The induction can be continued as long as (a*, b,) # 0. 
Let A be the least ordinal for which (ah, b,) = 0. Let us note that if (a,, b,) # 0, 
then (aC+,, b5+,) f: 0 as well, and so A is a limit ordinal. Notice that ah = bh, since 
f(a,) = f(bh) and f does not shrink jumps. Asf’f(a,) ={a,}, the point a, belongs 
to G n U. Finally ah is not an end of a jump of K since ah = sup{a,: t< A} = 
inf{ b,: 5 < A > and ah E (a,, b,) for 5 < A. Thus, the point ah satisfies the conclusion 
of our lemma. 0 
Lemma 4. Let K be a compact ordered space and G a dense subset of K. Then, for 
every closed subset F of K and open set U c K containing F there exist closed convex 
subsets L,, . . . , L, of G such that F c cl, (L, u . . . u L,) c U. In addition, if G = G,u 
GR, where GL is left saturated and GR is right saturated, then we may require Li lo 
be of the form Li = [qi, pi], where qi E GR and pi E GL. 
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Proof. (I) Consider first the case of F = [a, b] and U = (c, d) 2 F. Let g be a point 
of (c, a) n G (of (c, a) n GR under the additional assumption) whenever (c, a) f 0; 
in the opposite case, put g = Q. Let h be a point of (6, d) n G (of (b, d) n GL, 
respectively), if (b, d) # 0; in the opposite .case, put h = b. Notice that L = [g, h] n G 
is a closed convex subset of G such that F = [a, b] c cl,L = [g, h] = U. 
(II) Now, let F be an arbitrary closed subset of K and U an open subset of K 
containing F. The set F is compact, and so there exists a finite family { C1, . . . , C,} 
of convex components of U such that F c C, u. . . u C,, and F n C, # 0 for k = 
1, . . . , n. Applying (I) to each closed convex subset [ uk, bk] of G and its open 
neighbourhood C,, where uk = inf( F n C,) and b, = sup( F n C,) we can find closed 
convex subsets L,, . . . , L, of G such that [ak,bk]~clKLk~Ck for k=l,...,n. 
Hence Fccl,(L,u. * vu L,)c U. 0 
The following lemma is a corollary to Lemma 4. 
Lemma 5. Let f be a reduced map from a compact ordered space K onto a Hausdorfl 
space X. Let G be a dense subset of K. Then, for every closed subset F of X and open 
set U c X containing F there exist closed convex subsets L1,. . . , L, of G such that 
Fcclf(L,u. ’ ’ u L,) c U. In addition, tf G = G,u GR, where G, is left saturated 
and GR is right saturated, then we may require Li to be of the form Li = [qi, pi], where 
qi E GR and p, E G,. 
Let us note that every GO-space has an ordered compactification which preserves 
the order on G (cf. Engelking [3, Problem 3.12.31). By an easy modification of the 
usual method of constructing this, one can obtain an ordered compactification K 
of G which preserves the order on G and such that every two closed convex disjoint 
subsets of G have disjoint closures in K. In fact, there is the unique ordered 
compactification of G which satisfies this condition; namely, it is the maximal 
ordered compactification of G (cf. FedorEuk [4] and Kaufman [7]); we will denote 
it by hG. 
The elementary proof of the following lemma is omitted. 
Lemma 6. If L is a closed convex subset of G and F is a closed subset of G such that 
L n F = 0, then cl,,L n clAGF = 0. 
Let X be a compact Hausdorff space and G a GO-space. We will say that G 
linearly approximates X, if G is embedded into X as a dense subset in such a way 
that for every closed subset F of X and open set U c X containing F there exist 
convex subsets L,, . . _ , L, of G such that Fccl,(L,u.. .u L,)c U. 
Lemma 7. Let X be a compact Hausdorf space and D a GO-space which linearly 
approximates X. Then the identity id: D + D can be extended to an irreducible map 
f: AD onto, X. 
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Proof. Let A and B be closed disjoint subsets of X. The set D linearly approx- 
imates X, and so there exist convex subsets L,, . . . , L, of D such that 
Acclx(L,u. ..uL,)cX-B. Thus, AnDcclD(L,u...uL,)cD-(BnD). 
Notice that cl& is a closed convex subset of D and B n D is a closed subset of 
D such that cl& n (B n D) = 0, and so, by Lemma 6, cl,& n cl&B n D) = 0. 
Thus, cl,,(A n D) n cl,,(B n D) = 0. Hence, by Taimanov Lemma (see Engelking 
[3, Theorem 3.2.1]), the map id: D + D can be extended to a continuous map 
f: AD + X. Since D is dense in X, f is an irreducible map from AD onto X. q 
Theorem 1. A compact Hausdorflspace X is a continuous image of a compact ordered 
space if and only if there exists a GO-space which linearly approximates X. 
Proof. (1) Let X be a continuous image of a compact ordered space. By Lemma 
1, there exists a compact ordered space K and a reduced map f: K e X. Put 
G={~E K:f’f(p)={p}) and D=f(G). I n view of Lemma 3, G is a dense subset 
of K. Obviouslyf] G: G + D is a homeomorphism. Hence, G is GO-space embedded 
into X as a dense subset. By Lemma 5, G linearly approximates the space X. 
(2) Let D be a GO-space which linearly approximates the space X. By Lemma 
7, the map id: D+ D can be extended to a continuous map f: AD+ X. 0 
3. Subbase characterization of images of ordered compacta 
Lemma 8. Let K be a compact ordered space. Then there exist subsets L and R of K 
such that 
(a) L is left saturated and R is right saturated, and 
(b) L n R consists of all isolated points of K. 
Proof. (I) Assume first that K has no jump. Let K = [a, b]. Choose points p E (a, b) 
and qE(a, b)-(p). Put 
Lo={p, b} and R,={a,q}. 
Fix an ordinal p. Suppose that we have already defined sets L, and R, for a < /3. 
Let U, = K -cl U {L, u R, : (Y < /I} and assume that U, f 0. Then, pick two distinct 
points from each component of U,, add first ones to U {L,: a < p} and the other 
ones to lJ {R, : a < p}. Call the resulting sets LP and R,, respectively. The procedure 
stops when lJ, =0. Notice that it will happen for some limit p. For this /3 put 
L=U{L,: (Y < p} and R = U {R,: a < p}. We will show that both L and R are 
dense in K. 
Suppose, to the contrary that one of those sets, say L, is not dense. Then, there 
arepointsq,sE(a,b),q<s,suchthat(q,s)nL=0,SinceRuLisdenseinK,it 
follows that the set R n (q, s) is nonempty. Let (Y be the minimal ordinal for which 
R, n (q. s) f 0. We have l._. {R, u L,: 5 < a} n (q, s) = 0, and so there is a component 
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C of U, such that C n R, n (q, s) # 8. Let t E C n R, n (q, s). It follows from the 
construction that R, meets C in exactly one point, namely, in t. Hence, R, n (q, t) = 
0. Let y be the minimal ordinal for which R, n (q, t) # 0. Pick a point s from 
R, n (q, t). Similarly, the set R, n (s, t) is empty. But s, t E R,, and so (s, t) is a 
component of U,. Hence, L,,, n (s, t) # 0; a contradiction. 
(II) Now, let us consider any arbitrary compact ordered space K = [a, 61. Let 
K” be the set of all isolated points of K, and K, (KR) the set of all left (right) ends 
of jumps of K. Put V= int cl[ K\(K ‘u K,u KR)]. Let C be a convex component 
of V Since cl C has no jump, we may apply (I) to find sets L(C) and R(C) satisfying 
the assertion of our Lemma for cl C. Put 
L = K” u KL u {b} u IJ {L(C): C is a convex component of V}, 
and 
R= K”uK,u{a}uU{R(C): C is a convex component of V}. 
It is easy to verify that Ln R = K”. Put U = int cl( K,u KR). Observe that both 
Ln U and R n U are dense in U. Hence, the sets L and R satisfy the assertion of 
our Lemma. 
Let K be a compact ordered space and L and R its subsets asserted by Lemma 
8. Let us observe that the following holds. 
Lemma 9. The intervals [q, p] are regularly closed for all points q E R, p E L, q s p. 
Now, let f be a reduced map from K = [a, b] onto a Hausdorff space X. Let 
G={~E K:f’f(p)={p}} and D=f(G). Put 
2 = {f([a, PI n G): P E LI, 
S?.={f([q,b]nG):q~R}, and 
Y={clx(AnB): A, BEAUS}. 
Lemma 10. (a) The family Zu 92 is a subbase for closed subsets in D. 
(b) The family Y is a subbase for closed subsets in X. 
Proof. (a) Since Lu R is dense in K and contains all ends of jumps in K, the 
family {[a, p]: p E L} u {[q, b]: q E R} is a subbase for closed sets in K. But in view 
of Lemma 3, the set G is dense in K and f ( G: G + D is a homeomorphism. Thus, 
Zu % is a subbase for closed sets in D. 
(b) In view of Lemma 9, all intervals [q, p] are regularly closed. Thus 
clx(f([a,pl n G) nf([q, 61 n G)) =f(clK([q, PI n G)) =f([q, P]) 
for every qE R, PE L, qsp. 
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Hence in view of Lemma 5, the family Y is a subbase for closed sets in X. 0 
Let us recall that a subset A of a GO-space is said to be a (left or right, respectively) 
half-space, if either {x E G: x < a} c A for each a E A, or {x E G: a < x} c A for each 
a E A. A family 9 of subsets of a set X is said to T,-separate points if it induces a 
T,-topology on X. A family of sets is called a chain if it is linearly ordered by 
inclusion. 
The following Lemma is due to Van Dalen and Wattel [2]. 
Lemma 11. If X is a topological space and 9 and 3 are two chains of open subsets 
of X such that 2 u 3! T,-separates points, then there exists a linear ordering on X such 
that 
(a) each order-open set is open in X, and 
(b) each element of .2u %! is a half-space. 
The following theorem gives the announced topological characterization of images 
of ordered compacta. 
Theorem 2. A compact Hausdorff space X is a continuous image of a compact ordered 
space zfand only if there exists a dense subset D of X and two chains 2,s of (relatively) 
closed subsets of D such that 
(a) 6pu 9 is a subbase for closed subsets in D, and 
(b) the family 9 = {cl,(A n B): A E 2, B E 9?} is a subbase for closed sets in X. 
Proof. 
(1) The condition is necessary. Let f be a reduced map from a compact ordered 
space K=[a,b] ontoX. Let G={p~K:f’f(p)={p}}and D=f(G). Inviewof 
Lemma 3 the set G is dense in K. Let L and R be subsets of K asserted by Lemma 
8. Put 
P’={f([a,p]nG):p~ L}, and 
3 = {f([s, bl n G): 4 E R). 
Observe that the families 9 and %! are chains of closed subsets of D and the 
conditions (a) and (b) are fulfilled in view of Lemma 10. 
(2) 7’he condition is suficient. In view of Lemma 11 there is a linear ordering < 
on D such that D is a GO-space with respect to < and all elements of Zeu 9? are 
half-spaces. 
We will show that the space D linearly approximates X. Let F be a closed subset 
of X and U its open neighbourhood. Since Y is a closed subbase for X, there are 
sets A,, . . . , A,, E 9 and B,, . . . , B, E 92. such that 
Fccl,(A,nB,)u. ..ucl,(A,nB,,)c U. 
But the sets Ai n Bi are convex in (0, <). Thus D linearly approximates X. Hence, 
in view of Theorem 1, the space X is a continuous image of a compact ordered space. 
q 
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4. Images of Hausdorff arcs 
Let 9 be a family of subsets of a set X. The family 9 will be called centered if 
n 3Y # 0 for every finite subfamily E of 5. The family 9 will be called free whenever 
n S=0. The family 9 will be called a filter base if 9 consists of nonempty sets 
and, for every finite subfamily 3Y of 9 there exists an element FE 9 such that 
Fcr) SY. 
The elementary proof of the following lemma is omitted. 
Lemma 12. Let f be a continuous map from a compact Hausdorfl space X onto a 
Hausdorjf space Y If 9 is a jilter base of closed subsets of X, then f(n 9) = 
n {f(F): FE s}. 
Let D be a subset of a space X and 4 a free filter base of subsets of D. By index 
of 9 we will mean the number of points of the set n {clxF: FE 9); points of this 
set will be called endpoints of ?P. 
Hereafter, by a densely ordered space we will mean an ordered space having no 
jump. 
A chain Y of subsets of a set X will be called strictly interlocking if each element 
of 9 is a union of strictly smaller members of Y and each element of Y\(X) is an 
intersection of strictly larger elements of Y’. Let us note that if Y is a strictly 
interlocking chain of subsets of X then both Y and {X\S: SE 9’} are interlocking 
in sense of Van Dalen and Wattel [2]. 
Let us formulate the following corollary to Lemma 11. 
Lemma 13. If a T,-space X has a subbase for closed sets which is a union of two 
stronly interlocking chains 5? and 6%. then there is a linear ordering < on X such that 
(1) the original topology on X coincides with the order topology, 
(2) all members of Zu 92 are half-spaces, and 
(3) the space (X, <) is densely ordered. 
Let 9 and 9? be families of sets. We will use the following notation: 
Theorem 3. A compact Hausdor-space X is an image of an arc under an irreducible 
map if and only if there exists a dense subset D of X and two strictly interlocking 
chains 9 and B of (relatively) closed subsets of D such that 
(a) Zv 5% is a subbase for closed subsets in D, 
(b) each free filter base of subsets of 2 A 9? has index one, and 
(c) thefamilyY={clx(An B): A, BEZ’U%!} is a subbase for closed subsets in X. 
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Proof. 
(1) The condition is necessary. Let f be an irreducible map from an arc K = [a, b] 
ontoX.Let G={p~K:f’f(p)={p}}andD=f(G).InviewofLemma3,theset 
G is densely ordered. Let L and R be subsets of K asserted by Lemma 8. Put 
2’={(f([a,P]nG):p~L} and 
g = {f([q, bl n G): q E RI 
The conditions (a) and (c) are fulfilled in view of Lemma 10. Notice that both J?! 
and % are strictly interlocking, since the set G is densely ordered. 
Finally, in order to prove (b), let 9 be a free filter base of subsets of 9~ 3. 
Notice that each element of 9 A 9? is of the form f([ q, p] n G) for some q E R and 
peL.Put 
and 
r = sup,{q E R: there is a p E L such that f([q, p] n G) E 9}, 
I = inf{p E L: there is a q E R such that f([q, p] n G) E 9). 
Since 9 is a filter base, we have r s 1. Since 9 is free, r = 1. Notice that the family 
5Y = {[q, p]: f( [ q, p] n G) E 9)) is a filter base and /I 5Y = {r}. In view of Lemma 12, 
we have 
n{cl,F: FE %}=n{f(H): HE x}=f(n %)=f({r}). 
Hence, 9 has index one. 
(2) The condition is suficient. Let < be a linear ordering on D asserted by Lemma 
13. Observe that the set D linearly approximates X. Thus, in view of Lemma 7, 
there is an irreducible map f: AD + X which extends the identity on D. 
Let (p, q) be a jump in AD. We will show that f(p) =f(q). 
Observe, that p, q e D. Put 5 = {A n B: A E 2, B E 6% and there exist points x, y E D 
such that x <p < q < y and [x, y] n D = An B}. We will show that 9 is a free filter 
base. 
Fix points a, b E AD such that a <p < q < b. There are points c, d E D such that 
a < c <p and q < d -C b. Since all elements of 2 u 9? are half spaces in D, it follows 
from (a) that there are sets A E 2 and B E 3 such that 
[c,d]nDcAnBc(a,b). 
Hence, n 9 = 0, so 9 is a free filter base of subsets of .Y A CR Thus, in view of (b), 
the set {cl,F: FE 9) has exactly one point, say x. By Lemma 12, {x}= 
n {cl& FE 9) =n {f(&,F): FE 9) =f(n {d,,F: FE 9)) =f({P, q}). Thus, 
f(P) =./x4). 
Let (f’, K) be the reduction of (f; AD). The map f is irreducible, and so, by 
Lemma 1, f is a reduced map from a compact ordered space K onto X. The map 
f shrinks all jumps of AD, and so K has no jump. Hence, K is an arc. 0 
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Let us note that using the method of reduction of a map described in the 
preliminary part of Section 2 and the fact that images of closed subintervals of an 
arc are arcwise connected, one can construct an arc K and continuous map 
f: K Onto X for which there exists a closed set F c K such that f(F) = X, inf F = 
inf K, sup F = sup K, fl F is a reduced map and f( [a, b] is a homeomorphism 
whenever (a, b) is a jump of F; such a map will be called weakly reduced. 
Lemma 14. Let f be a reduced map from a compact ordered space K onto a Hausdorfl 
continuum X. Let G be the set of those points p E K for which f ‘f( p) = {p}. Then 
there exists a dense subset of G which contains no end of a jump of K. 
Proof. Let U be a nonempty subset of K. Consider two cases. 
(1) If int( G n U) = 0, then, by Lemma 3, there is a point p E G n U which is not 
an end of a jump of K. 
(2) Now, assume that V = int( G n U) # 0. We will show that the set V contains 
a nondegenerate component. 
Suppose that V is totally disconnected. Then there is a nonempty closed-and-open 
set W contained in V and such that W # V. Notice, that f ( W) is closed and, since 
f( K - W) = X -f ( W), it is open as well. As f is irreducible, f(W) # X. Hence X 
is not connected; a contradiction. 
Let C be a nondegenerate component of the set B. Notice that int C # 0. Let 
(a, b) be a nonempty interval contained in C. Choose a point p E (a, b). Notice that 
p E G n U, and, as C is connected, p is not an end of a jump of k. Cl 
A family 5Y of subsets of a space X will be called a null family if the family 
{R E YC: R - U # 0 for every U E %} is finite for every open cover 3 of X. Let us 
note that the family of convex components of the set K -F is a null family for 
every closed subset F of a compact ordered space K. 
Lemma 15. Let f be a reduced map from a compact ordered space F onto a Hausdorfl 
continuum X. If there exists d null family 5Y of arcs contained in X such that for every 
jump (a, b) of F there is an arc L E .Y which contains f (a) and f (b), then there exists 
an arc K containing Fsuch thatf can be extended to a weakly reduced mapf’ : K onto, X. 
Proof. Let K (a, b) E .%C be an arc which contains f(a) and f (b) for every jump (a, b) 
of F. We may assume that f(a) and f(b) are the endpoints of K (a, b). Let us equip 
K (a, b) with a linear ordering so that f (a) would be the left and f(b) would be the 
right endpoint of K (a, b). Put X’ = {K (a, b) E X: (a, b) is a jump of F}. Let M be 
the disjoint union of .7C’. Define K’= F u A4. Let K be the set obtained from K’ by 
identifying the point a E F with f(u) E K (a, b), and b E F with f(b) E K (a, b) for 
each jump (a, b) of F. Since K is obtained from F by replacing disjoint closed 
convex sets by disjoint arcs, K is a compact ordered space. As each jump of F is 
joined in K by an arc, K is connected. Thus, K is an arc. Let f’ be the map from 
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K onto X which coincides with f on F and is the identity on each set K (a, b) - 
{f(a),f( b)}, where K(a, b) E .Y. Since YC is a null family, f’ is continuous. 0 
In view of Theorem 2 and the above lemmas, we have the following. 
Theorem 4. A Hausdorff continuum X is a continuous image of an arc if and only if 
there exists a dense subset D of X, two strictly interlocking chains Zand 92 of (relatively) 
closed subsets of D and a null family X of arcs contained in X such that 
(a) 3 LJ 673 is a subbase for closed subsets in D, 
(b) the family {cl,(AnB): A, BEZ’UV} is a subbase for closed sets in X, and 
(c) for each free jilter base 5 c 2 A 2 with index two, there is a member of 5Y which 
contains both endpoints of 3. 
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